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Last Week

It WU is the fundamental Véfresen7ta7t'ipn of Rutlt),
then The {;I/om‘nj ave equivalence reltions:

/) Xeiy it Uy * U,

2) (x,x' )~ (7/,7’) i Uy Uoye F 7

The equivalence classes ave the &

o.‘C Qﬂ"[&) rfSFéCZLr'vely_

The orbits form an
The orbhl'als '("sz a

C; “,V) 1= iy’f € u Y= y/uﬂvg = spav of chav vecs of orbits
C;—UJ’) 2 i Me[V[G)xV(G):MM:uMB

= spaw of the c‘lmvacf?ris*i( matrices of e ovbtals
This is a

Tl'lw. if {S(,)("),[}r,y’)é"/[é‘-) KV[G) ave in Jl'f?c€V€n7L
c/asses of fhe coheyent (‘ow'lcr'jul/ﬂhon of é, then

Uy, MY'}" =0



Lef & +/q be 7?5:/7)15. Then &ch
£ & only if there is a RPM P st Asl=FA,.

LE?L G +H be copvected 7rql0})9. Then
Gl if« on/}/ it 3 ?f\/[&) + heVlH) in the same
orb/t o Qu'f[@‘uﬁ).

Le?l' /4.5_ J'/(,., Le ﬂ)e cluamtum orl[?‘a/ q/je[w'as
alc G+ V‘es/:erffve/y_ If églc/{, then fﬁere s an
iSOMor/;hi;m (010 coheb’cnfq,?el)ras) ¢-’A5"7AH 4.7l. ¢/A&)=AH,

Let A, ¢4, be the
o'F 6’ v H reefpe[%/\/f/y_ I‘F &;/Tc H/ fh?" ﬂ’lere
5 an /'WMOV,V})'?W? ‘75?‘{;—7/4” 5.7L. ¢[A5)=¢[/4y)

It 6—'——2(‘/'/, then G and H ave pof
Jisfinjmish«b/e by the [Z-—Jr'memionqu



We 7ive a J/ajrqmmdﬁ'c dech‘)'f‘/'l'pn 07[
e infertwiners of QIA?L[G) in ferms of

. WC W"// show 7L/7¢?7L ég{:ﬁ r"f & an/)/ ,'7C
6’ < /7, aer'% 7Ll7£ sqme numéer‘ 970 homomor//;igmf
{‘rom an/v 7y-qf7})_

The /q]t]ler 5 a Tuqmtum ana/oj o‘f Qa c/nssfca/ fhc’pr‘cm
of Lovészf G=H if ¢ on/y RS // qui?L the same
numéer of hvmomor//ﬂsms r[\ram 7y-qf7})_

For a f‘qmi/y of 7rqrhs F let &%F// dendte
hom[/:)é):})om[F,//) for all F£P
where hom /F) G)-‘"' # Aomorﬂorpéfsm5 Zl'r‘oyn F P 6:

The family & The relation G =54 H

All graphs Isomorphism [Lovasz 1967]

Cycles Cospectrality (of adjacency matrices)

Cycles & paths | Cospectral + cospectral complements

Trees Fractional iso [Dvotrdk 2010; Dell, Grohe, Rattan 2018|

Treewidth < k | Indistinguishable by k-WL [Dvofak 2010; DGR 2018]

Treedepth < k | Ind. by FOL w/ counting of quantifier rank < k [Grohe 2020]

Planar graphs | Quantum isomorphism




Recall the Fo//awinj theovem:

G Ll 1,0
CQ =<M ,/M ) /46'>,°,@,X
A ;<Mm/ /MW/ Ae) 5>,°,@,X

M= (vsl)

To Ob/‘ nin a a’iajrammq}‘ rC 6/954}"1'/77L/'Dn o the in/erfwr'ners
O'F QM*[&), /e. o’F ng we 7£f'r97" 70r.nal 5%4 a Jeccrif{'faw
o'F Mb: /V],’o, 4 /lg. J ﬂﬂ/ ﬂ;fﬂ e')c The vpfrqfioné

°)®l-)€‘



j G‘r

A /'sq+r/'/7/e }?’—'[F,E?)Eb)
where F is a 7)’4}7}) (/“f’ allowed fut wo mu//'/'f/e e{gej)
and @€ V[F)I, beVIF) for some Lkz0 ave

fuf/€9 vf vev 1‘/2‘65 v'lc F / Vefeﬁt'» ﬂ//pu/eJ]_ VVe refey
Fo @ eb as The ol A and inpic?)

f'uf/es of ﬁ; §om(1‘r'm€$1 (/,/(J'bf/abf/dyrapk

F=(k,, (.1),03).

How a’o we drau/ Hll's?




F=(F, (1,36),(42,4,56)

Homomapghifm Matrices

-~

G o graph, F=(F.8.F) an (K)7bilabeled graph
The G- of F ;s the
V(6 VIE)S matrix T where for eVl 7V
(77 = s pellomlF &) pl2)=2 + ¢lB)=7}]
where /‘/om//:,é) i The sef of homomar/o/u'sms from
F teo 6, and p[ﬁ"ﬁc? means gﬂ[q;)ﬁ u, Y., L.




ff—-es k"‘ w6

M= (K, (D00 Lek>]

154

(Tmzh&)a’,o’ = [§ pétiom(K,,6): pl1)=w, Ay Vi3]

ReE)

A= (K, ), @) ——e

(T, =19 Homlk, ,6): GUD=u ¢ p(2)= 3|

| ¥ u~v
0 o.w.

Thu9 T?_’&'; AG.



(TF*”[’)M)V = |§@eHoml F\6) gl)=u ¢ ¢4)=v3|
= 2- ;HeJ?@ in M) /1WL)

7_}1/5 ma'/V/'X t/i$7lfn7wf5/165 7L /76 7wo aré/'/s
mt\ mon~£/3c’s m 7L/7€ §hr/'k}mna/e 7Vﬂf/l.

Dwr &fnfrn 7101/5




QP{’Y‘Q‘IL ions with ﬁl'/aAE/ea/ érq,pﬁ,g

Laolss are kelaf, mn/t‘/;o/e ez{jes are rem0vea/_

Given an (1K)-bitebeled graph F'=(F,#,F) and
a (ky)-bilabeled graph K=(K,2,d), their

(or ), denoted /?0/?, is the
(£,r)- bilabeled 3rafh ﬁ?(ﬁ,a”,f) where
H is the 7rafA formed from FUK by
i:/mﬁ'f'//nj the vertices b+ ¢ for a//J'é[/(]j
and a! is the vertex of H thal a: became under
these identficafions, and 5im//:r/y for d-.

51,43
b

| qa
d b | L1 T¢
6 o =
$3,0,c3
5 k : 1 ¢
4



Tevsor Product

Given an (L, K)-bitebeled graph F=(F,2,F) and

a [r,s)-bilabeled qraph K=(K,2,J), their
dencted FOK, s fhe

(L+v, K$5)- bilabeled 3}’th [FUK,ﬁ‘C’,E’T) where

ge=(a,..,a,,¢,..cr) is the of 3 +2, and

sfm,'/ar/y for FJ’



Given an (1,K)-bilebeled 9»’:1/9/7 /?=[F, ﬁ‘,w, its
, dendted F)A: is The
(K, 1)-bilabe/ed ymph (FF d)

Given two (L, K)-bitebeled graphs F =(F,,}) and
K=(k,z,I) their . demoted FK
is the (0,k)-bilabeled graph H=(H,%,5) where
H is the qraph formed from FUK by dentitying
the vertices a; &c; Vi€ll]l and vertices by ¢d, V€I,
and where «x: js the vertex that o ¢c; became, qnd %

is the verfex Lj 0’1.// became.



Let F=(F35) be an (4 kl-bilabeled
9rqfh anc/ }?‘[K;f,j') an [H&)'bf)ﬂb(’/é’] yraf}o.
FOV‘ a"'y jV'th 6’, ai‘he follawl.lﬂj 117/c/:

) if Kev, then TTET0=TPTF

2) 7—?’@2’—9& _ TP TE'—»&_

) T?"—-»G _ (-Z—F—m)?j

4 if f=r ¢ k=4, then T?'Kﬁ&= TP, TR'—)&.



?: (F,(a),(k)) + R)-‘-[K,(c),“))
Fix uveV(G). Then
(T?-}G- T?—#G N - WZEV[G) U’F-!é)uw[']‘g%&)wv
=Z licgéHm(F,é)=zg(«)sq,@(b)sﬁj
S gellom U, 6): glc)ow , gli)=v 3]

N

T
Actas Qhere & as ¢ here

- (T?O'?q &)uv



Re(a I/

G n IR%
Cq =M, m //lc—>,e,@,x
Co=MEM” A, Szf,v,@,x

Detine the p,llaw;nj:
C‘L:: </W m) M h: /—l\’ >o,®,9€
Cc(/(l,/() T 2?6 CT,: lf }ms [ oquu'/’s & Kk in/pmtg;

Then L)' ‘Hle cwres,:am{ence be‘/’weem bi/qbele:’ 9rq/a}1
offvmlimb and matrix oFerqfr'ans, we have that

Ci(ﬁ,k)‘ sranﬁT'?%r ?eCi(ﬁ,k)g.

Thus our 90011 ‘s 7Lo c/eSCriLC H’le c/ass C‘L



Planay Bilabeled Graghs

Let F=(E&T) be an (£,k)-bilabeled graph.
Detive The 7rqfh F”(a’,?) to be The 7m/7/7
Farmec’ ‘{‘ram Hte Jie‘}'oinf Union 9’F F ana’ 7('/16

(Q+k)~CyCIC Oy llyy -y o, fy-y Py by m”iny €c/7€6
oia; Yield] and /%'bj Vjé[k].

We vefer to the cycle o.,..,%4,Pk,.. 7. as the
of F°[a‘,T5').

Furﬂler Jffr'né FB(E!',I;) ‘,’0 )98 'I’he 7r.ﬂfh .ob?lafweJ
from FD[EI"J?) Ly ac/t]fn7 a new vertex qu’qcenf

t every verf'ex o‘F f‘lls €Mv€/0/9in7 cyC/e.

Wg wi// fypical// jus?" wrif'e Fo qu Fe






We say that F=(£a5) is «

it the graph Fis planar. Eguivaleatl,
the graph F° has a planar embedding in which
the enve/vm‘nﬂ cyele bounds The outer face.

We et W dencte the set of /7/ctwa|/‘ bslabeled
7rqi)h5 qml /e?L f[p,k) L/?no?l‘f 7"}1? §€7L 07(
F/qnaw (£ k)-bilabeled graphs.

Tf F=(F,&b) is an (LK) -bilabeled
for Likel, then FePlhk) ifand only if' the
3rq,>h F rs }D/cmar.

(=
Cacl: The genevators M2 M5F of

are contained in . Thus we on// need to show

that ([ is closed under compeosition, tensor product,

an fy-awbppsifim.
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We prove This b)/ induction. The ideq is Fo €ind
a vertex we can cavefully vemove from FEF fo obtain
a smaller Fel By induction FeCq, and then we
chow that F can be constructed from F' and some
small bilabeled graphs from C‘l'

Let F=(FaF)ef0k) with C1kzl. Then
there exists a vevter ve\(F) that owcurs at leas?
once in @ o b such that ifs neighbors in the enveleping
cycle of F° oceur consecutively.
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Comfwse this with: ~——

———

to obtain the Ee we begau with, |
(F,(a), @)

Let hom(E,6,) denote the number of

homomorphisms from F 1o & that map a fov.

Let G be a graph. Then v eV(E) ave
in the same orbit of Qut(6) if and onl, if
hom(F, G.)=hom(F,6,)

for all conmected planav graphs F and acl/(F).

For Lik<2, PLLK) is closed under

Schur  product T *@
— ¢



Graféc G auc/ /'/ are fwanfum /'5arnor/a/7r'r
it anJ vw/y it ham[lf&):/mm/ﬁ/fj forr a// P/anqr

7)’“’7}'9 F

() If G5 H, then theve is a quantuum
FEY‘mu‘ILq‘ILfon mafrix U .1 ’b(/lf/lu’bé_ A/so
UM MU o UM = MU for any
quantam perputation matric. From This we are able
to show that it TEM, M Ag),omn is given by
some expression in M M, & Ay and
T XM M, Ao is given by the same
expression  but with each occurrence oF A replaced
by Au, then VCT=TU™ for appropriate £k
By the corvespondence between matrix and pilabeled
graph sperations, we dbtin fhat USTT T Y
For oll FEPLK). Moveover, we can show that

thie carreS,anJente /5 sam-presevving. Since

Sum (T?*é) = ham (F, G), we are z/ane_



(€) Suppose that hemlF,6)=homlFH) fov all plner
qraphs . We wmay assume that & and B are both
connected. We will show That there iv an orbit of
Qi (6UH) intersecting both & and B

By assumption  sum (T ) =sumlTT) ¥V Ee P 4ince
PUO) is cloed wnder Sehar product,

Y NI Oy PP i) VPV i)
VEell0) Thes T« TP have fhe same
multiset of entries YEEJL10), and this extends o
livear combinatioms. A little more work shows
thet i R=ZaT™" is the characteristic vector
of an orbit of Qui(6), then R=ZaTT™ i

the chavactevistic vector of an orbit of QutlH)

of the same size. Prek veVl(6) wd v EVIH) in
these orbifs, ie. such that R,=1=R.. Mo let

F be o connected planav graph and a€V(F)

Thus F= (F,(a), @) e FUL,0)



Lell X=GUH. We w:'// show that hom[ﬁ,)(v)';hom[ﬁ;,)(v,)
ﬂme Fravfny V&V are in 7‘/7e same orb//‘ o?c G?M?‘M{//'f).

LTI T2 G o T 1 G hek (F | cutacled oty
homemorphism fvrom F to X tThat waps a to v has
it image contaived jn VI6), and similarly for v
and \V/(H). Thus
hom(F X, )= hom(F,G,) = T,
hom(E,, Xy) = hom £, H,) = T,
and 50 we want fo show T,=T). Simce Telqll,d)
and T €Co(10), we have
Rel=a R
ReT=a'R’
where o=T, ¢ a’=7;". In fact a=o' since Re]
and KT wust have the came multiset of entries.
Thae veVlE) + velllH) ave iv the same orb?#

of Quf{éUH) and %0 é%’zc//. O



