
Quantum Morphisms
Lecture 13 :

The Finale



Last Week
If U is the fundamental representation of QUHG ),
then the following are equivalence relations :

1) ✗~,y if Uxy
-1-0
;

2) IX. ✗ 'Katy , y 't if uxyuxy . -1-0.
The equivalence classes are the orbits & orbitals

of Qut /G) respectively .

The orbits form an equitable partition .

The orbitals form a coherent configuration .

({ 11,0) :={ye¢
"" :Uy=yU☒°} = span of char.vecs.at orbits.

4. 1) :={ Me ¢
"""'"

:MU=UM}

=
span of the characteristic matrices of the orbitals.

This is a coherent algebra .

Thus if IX.✗'t.ly, y ')EV(G) ✗ V16) are in different

classes of the coherent configuration of G, then

Uxyllxiy . =D.



theorem : Let G + It be graphs . Then G⇒eH
if & only if there is a QPM P sit

. AoP=PAµ .

theorem : Let GTH be connected graphs .

Then

G⇒eH if & only if FGEVCG) & HEVIH) in the same
orbit of Qut/GUH)

.

Theorem : Let Aorta be the quantum orbital algebras
of Gt H respectively. If G÷eH, then there is an

isomorphism (of coherent algebras) $ :-1Mt,, s.to/lAo)--AH .

Corollary : Let to + AH be the coherent algebras
of G & H respectively. If G-i-q.lt, then there

is an isomorphism $ :-/g→tH S.t. 011Aa) = NAH) .

Corollary : If G-=qH , then G and H are not

distinguishable by the 12 - dimensional)
Weisfeilev - Leman algorithm .



Today : We give a diagrammatic description of
the intertwines of Qut(G) in terms of bilabeled

graphs . We will show that GEq.lt if & only if

G & H admit the same number of homomorphisms

from any planar graph .

The latter is a quantum analog of a classical theorem

of Lovoisz : G-=H if & only if G & H admit the same

number of homomorphisms from any graph .

For a family of graphs F, let G -=,=H denote

horn/F
,
G) = horn(F. H) for all FEF

where horn /F
,
G) # homomorphisms from F to G.



Recall the following theorem :

Theorem ((hassanid) :

CI -1M
"

,
M
"

,
A-a)

+is,☒, *

CG =LM
"

,
M
"°

, Aa , 5)t.ro,☒, *

Sle ; ☒ej )=ej☒ei (M
"") ;

.
. ..ie ,j . . .jp,

= { to if ii. . .=ié=ji-.÷jk
M
"
= E.NIGH

To obtain a diagrammatic description of the intertwines

of Qut(G)
,
i. e. of CF , we first find such a description

of M
"

,
M
'

,
& Ag, and then of the operations

°

,
☒
,

*
.



Bi labeled Graphs
A bi labeled graph is a triple E -- IF, of ,b→)
where F is a graph Hoops allowed but no multiple edges)

and OTEVIF)l
,
BEVIF)

"

for some l.kz0 are

tuples of vertices of Flrepeats allowed). We refer

to I &b→ as the left and right (or output and input)

tuples of É. Sometimes : (lik) -bilabeledgraph

Example: É= 1K¢ ,
11,1)

, 11,31) .

How do we draw this ?

×



Abstract Example :

-•b_

E- (F. 11.3.61, 14,24, 5,6! )

Homomorphism Matrices

G a graph , É:-( F. E. b→ ) an Il,k)-bilabeled graph
The G-homomorphism matrix of É

'

is the

VIGIL ✗ V14 " matrix T¥% where for u→EVlGf
,
FENG)k

(T÷→%.# =. / { qc-ltomlF.ch:91#l--u+qlb1--t}/
where Hom /F)G) is the set of homomorphisms from

F to G
,
and plot)=u→ means 9101:) -_ Ui Yi-1, . . .,l.



Examples : Ñ
":-( K

. .

i.ci?Eii)e+k=ie:JE:Y-(TM'
""
→

%:p =/ { qc-H.in/K,.G):ql11--ui&qlD--vjV-i,j } /

= { 1 if u,= . . .=Ue=Y= . . .=Vk
0 aw.

Thus TÑ
"

"→G= Mhk for any G.

Ñ"" := 1k
, ,
01,011 : • TÑ

"

"°→G= Inca)1)

A→:= ( K, , 111,121) : -
'•-•Z_

IT →G)a.✓ =/ { qc-Homlkz.cl : 411)=u&qK2l=v}|
={ 1 if u- u

O o
-
W
.

Thus TA→→G=
.



É : 7¥.-¥¥:-¥÷±µ
IT G)

up =/ { qc-HomlF.GL :p/D= u & 914)=v}!

= 2 . # edges in Nlul AND

Remark : This matrix distinguishes the two orbits
of non - edges in the Shrikhande graph .

Our Generators

→ ¥
.

-•-•- II
ÑI" M→" A-

'

I



Operationswithpsilabeledgraphs
Loops are kept, multiple edges are removed.

Composition/Product

Given an II. ktbilabeled graph É=/F. of ,b→) and

a Ikr) - bilabeled graph ¥-1K, I,d→) , their

composition for product), denoted Éok→
,
is the

1hr1 - bi labeled graph H→=lH,Ñ,d→) where

It is the graph formed from FVK by

identifying the vertices bjt g. for allje[k],
and ai is the vertex of H that ai became under

these identifications
,
and similarly for di.

Example : { 1. d}
a

÷¥☒I:÷IT¥;•→=-÷÷¥É:÷ti:÷
4

4



Tensor Product

Given an II. ktbilabeled graph É=/F. oi.BY and

a lr ,s) - bi labeled graph ¥-1k, I,d→) , their
tensor product, denoted É☒k→, is the

lltr, kts ) - bi labeled graph (FUK ,ñE,bd→! where
OTÉ -- la

, , . . . .ae , C , , . . .,cr ) is the concatenation of of + E, and

similarly for b→d→
.

Example :

¥÷÷÷¥¥
¥÷:÷÷:FI☒§:÷→. =

•

÷÷÷•→.



(Conjugate) Transpose
Given an Il , KI-bilabeled graph É=/F. oi.BY, its

(conjugate) transpose, denoted É*, is the

1k
,
l) - bilabeled graph IF,b→,Ñ) .

Example :

*

1. =÷.E•
C C

Schur Product

Given two Il
, KI-bilabeled graphs É=/F. of ,b→) and

K→=lK
, E. It , their Schur product, denoted, É•É,

is the Il
,
KI -bilabeled graph 17--1 It

, I. F) where

It is the graph formed from FVK by identifying
the vertices aitc; Yi c- [l] and vertices bjtdjv-jc.lk],
and where ×: is the vertex that aitci became, and yj

is the vertex bjtdj became .



Examples :

-•'-•±•-"•- •• →:_ = ÷É.÷
2 3

d÷÷÷¥¥••••-••÷::±€=:÷!'••☒i€
3
;

b

e

{%Ñ• {45,6, d}
e

Theorem : Let É=/F. oi.BY be an ll.kl-bib.be/ed

graph and ¥-1K,É,d→) an 1ns) - bitabeled graph .

For any graph G, the following hold :

1) if k=r
,
then TÉ°É→G=TF→→Gfk→→G

i

2) 1-
É☒Ñ→G

= 1-
F'→G

☒ 1-
k→→G

j

3) TÉ*→G = (1-
E'→G)*

i

4) if l=r&k=s
,
then TÉ••É→G=. 1-F'→G • 1-E'→G.



"

Proof
"

for (1) when l=k=r=l

É= IF.la ) , /b)) t ¥-1K .la , /d)I

Fix u.ve V16) . Then
→ •
1-
⇐G)

ur
= E.no,

→%wlI*→%✓

=§ / { ye Hom / F. G) : 91×1--4 , @(b) =w }/
• / { y' c-Homlk, G) : qtctw , @

'(d) =v }/

• •

,=%d•
Actasclhefre + as qiinere

= #¥#→ b)uv .



Recall:

Theorem ((hassan :D) :

Cf=(M
"

,
M
"

, Aoki ,☒, *
CG ={M

"

,
M
"°

, Aa , 5)t.ro,☒, *

Define the following :

Cq:=(Ñ
"

,
Ñ",A→J☒,*

cqll.tl :={ Éecq : É has l outputs tk inputs}

Then by the correspondence between bilabeled graph

operations and matrix operations , we have that

Cill ,k)= span { 1-
¥" :# c-Call ,k )} .

Thus our goal is to describe the class Cq.



Planar Bilabeled Graphs
Let É= IF,ñ,b→ ) be an Il,k ) - bilabeled graph .
Define the graph Eloi ,b→) to be the graph
formed from the disjoint union of F and the

lltk) - cycle ✗ , , ✗z, . . . .de , Ba , . . .,p, by adding edges
a-ai Yi c- [l] and Bjbj V-j c- [ K] .

We refer to the cycle X
. , . . ., xe.PK , . ..,B. as the

enveloping cycle of FToi.by .

Further define FYI;D') to be the graph obtained

from FTI;D') by adding a new vertex adjacent
to every vertex of its enveloping cycle .

We will typically just write F and F?



Examples

É F° F-
°

- ÷: •±
→ ••① •-••①

÷ .

:# I:÷: H

•I.•> •1.4 •I.•>•?



We say that É=(F. E. til is a planar bilabeled

graph if the graph F° is planar. Equivalently,
the graph f-

°

has a planar embedding in which

the enveloping cycle bounds the outer face .

We let P denote the set of planar bilabeled

graphs and let Pll,k) denote the set of

planar Il,K) - bi labeled graphs .

Lemma : If É:-( F. I,b→) is an Il, KI -bilabeled

for ltksl
,
then F'c-Pll,k) if and only if the

graph F is planar.

Theorem : Cq =P.
Proof CqEP : The generators Ñ¥Ñ%A→ of Cq
are contained in P

.

Thus we only need to show

that P is closed under composition, tensor product,
and transposition .
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a1

a2
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Tensor Product
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PEG
We prove this by induction . The idea is to find

a vertex we can carefully remove from ÉEP to obtain

a smaller ÉEP
. By induction ÉECQ ,

and then we

show that É can be constructed from É" and some

small bilabeled graphs from Cq .

Lemma : Let E- IF
,
,b→) c-Pll,K) with ltkzl

.

Then

there exists a vertex VEVLF) that occurs at least

once in Forti such that its neighbors in the enveloping

cycle of F-
°

occur consecutively.



v v2

v1

v3

K

↵p�1

↵p

↵q

↵q+1



v2

v1

v3

K 0

↵p�1

v

↵q+1



v2

v1

v3

K 0

↵p�1

v

↵q+1

u1

u2

u3

w1

w2



v2

v1

v3

K 0

↵p�1

↵q+1

u1

u2

u3

w1

w2



v2

v1

v3

K 0

↵p�1

↵q+1

u1

u2

u3



Compose this with : IE

EI
_•-

-•-

to obtain the ÉEP we began with. ☐

(Fiat , I

Let homlt-a.gr ) denote the number of

homomorphisms from F to G that map a to ✓
.

Corollary : Let G be a graph .

Then u,v€V(G) are

in the same orbit of Qut (G) if and only if

homlt-I.Gul-homlt-a.GL

for all connected planar graphs F and a c-VCF)
.

Lemma : For l+k<_2
,
Pll,k) is closed under

-•OFSchur product. →i
_•DF'



Theorem : Graphs G and H are quantum isomorphic
if and only if homlf, G) =horn/F. HI for all planar

graphs F.

Proof:(⇒) If G÷eH , then there is a quantum

permutation matrix NS.t.UAo-AHU .

Also

UM"=M"U☒Z & UNI"°=M"°U☒° for any
quantum permutation matrix. From this we are able

to show that if TELM "
,
M
"

,Ao)+p☒* is given by
some expression in M

"

,
M
"

,
& Ag and

1-
'

c-(M
"

,
M
"

,
AH)+,☐☒,* is given by the same

expression but with each occurrence of Aa replaced

by AH
,
then U☒lT=T'U☒" for appropriate ltk .

By the correspondence between matrix and bilabeled

graph operations , we obtain that U☒lTÉ→G=TE→Hy☒k
for all ÉEPll

,
K) . Moreover, we can show that

this correspondence is sum -preserving .

Since

sum IT
→G) = horn (F. G) , we are done .



⇐) suppose that horn/F.G) = horn/F.HI for all planar

graphs F. We may assume that G and H are both

connected
.
We will show that there is an orbit of

Qut/GUH) intersecting both G and H
.

By assumption sum IT
→G) = sum1T¥'") YÉEP

.

Since

PAPI is closed under Schur product,
sum ((T G)

•m

) = sum/TÉ•m→G) = sumIT '÷m→H) = sum/1T¥→A)
•m)

V-E c-Pll, 01. Thus T
• &T¥→" have the same

multiset of entries YÉ
'

c-PHD
,
and this extends to

linear combinations
.

A little more work shows

that if R=§aiT
→•

is the characteristic vector

of an orbit of Qut(G)
,
then R'=§aiT¥→ " is

the characteristic vector of an orbit of Qutttll

of the same size
.

Pick ✓ c- V16) and v
' C- HH) in

these orbits
.
i. e. such that Ril --R'vi. Now let

F be a connected planar graph and a c-V1F)
.

Thus É= IF
, (a) , D) c- Pll,O).



Let ✗ = GUH
.

We will show that homlt-axvt-homlfa.lv)

thus proving vtv
' are in the same orbit of Qut/GVH)

.

Let F- TF" , T '=TÉ→H
.
Since F is connected, any

homomorphism from F to ✗ that maps a to v has

its image contained in V16)
,
and similarly for v '

and VIH)
.
Thus

homlt-a.lv/--homlFa.Gv)--IhomlFa.Xv.1--homlFa,Hv.)--TI
.

and so we want to show F- Ti .
.
Since tecqllp)

and T
'

c-Cii(1,01 , we have

R•T=aR

R'•T'=éR
'

where a- Tv & a
' -
- I.

.

In fact ✗=D since Root

and R'• T
'

must have the same multiset of entries
.

Thus ✓ c- V14 & v'c- VCH) are in the same orbit

of Qu #(GUA) and so GEq.lt. ☐


